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We study the topological crystalline insulator phase protected by the glide symmetry, which is
characterized by the Z2 topological number. In the present paper, we derive a formula for the Z2
topological invariant protected by glide symmetry in a nonprimitive lattice, from that in a primitive
lattice. We establish a formula for the glide-Z2 invariant for the space group No. 9 with glide
symmetry in the base-centered lattice, by folding the Brillouin zone into that of the primitive lattice
where the formula for the glide-Z2 invariant is known. The formula is written in terms of integrals
of the Berry curvatures and Berry phases in the k-space. We also derive a formula of the glide-Z2
invariant when the inversion symmetry is added, and the space group becomes 15 . This reduces the
formula into the Fu-Kane-like formula, expressed in terms of the irreducible representations at high-
symmetry points in k space. We also construct these topological invariants by the layer-construction
approach, and the results completely agree with those from the k-space approach.
I. INTRODUCTION
The importance of topology in condensed matter
physics was recognized through the discovery of quan-
tum Hall effect1. Triggered by the proposals of topolog-
ical insulators (TIs)2,3, which emerge in the presence of
time-reversal symmetry, material realization of topolog-
ical crystalline materials is one of the hottest topics in
modern condensed matter physics. To realize topologi-
cal crystalline materials, topological crystalline insulators
(TCIs) are promising candidates because of the richness
and complexity of crystallography ensuring topological
properties of TCIs, such as robust surface states as long
as certain crystal symmetry is preserved. TCIs have been
theoretically proposed, and their properties and candi-
date materials have been well studied4–21. In particular,
mirror-symmetric TCI phases have attracted interest be-
cause they present the first material realization in IV-VI
semiconductor SnTe, Pb1−xSnxTe and Pb1−xSnxSe22–35,
which are supported by the ARPES (angle-resolved pho-
toemission spectroscopy) experiments in the same mate-
rials.
TCI phases including the nonsymmorphic symmetry
represent unique topological properties beyond topologi-
cal insulating materials so far36–49. In particuar, in mag-
netic systems, the Chern number and some other topo-
logical indices are given by integrals in k-space, and such
topological indices are comprehensively given by the K-
theory50. Very recently, antiferromagnetic TIs are con-
firmed in the MnBi2nTe3n+1 family of materials
51–57.
Nevertheless, there are still few proposals for magnetic
topological materials even though the first topological
phenomenon in condensed matter physics was discovered
in magnetic systems, namely the quantum Hall effect.
Distinct topological phases cannot be adiabatically de-
formed and we can diagnose whether the system is topo-
logically trivial or nontrivial thanks to topological invari-
ants, such as Chern number for quantum Hall systems,
Z2 topological invariant for TIs, mirror Chern number
for mirror-symmetric TCIs, and so on. Namely, topolog-
ical invariants which are integrals of wavefunctions en-
code topology of a given system, and two systems with
a different value of topological invariants cannot be con-
tinuously deformed to each other. One can classify TCI
phases in crystalline materials by various methods, such
as K-theory50, topological quantum chemistry58, and
symmetry-based indicators41. Even though several ex-
pressions of important topological invariants are given
in previous works, an explicit formula for each topologi-
cal invariant of TCI phases does not follow immediately
from these theories because each space group has topo-
logical invariants corresponding to its symmetry opera-
tions. Thus, there is much room for further investigation
for each topological invariant to apply material realiza-
tion.
In this paper, we study the Z2 TCI phase protected
by glide-symmetry for magnetic systems in nonprimitive
lattices. This phase is characterized by the glide-Z2 topo-
logical invariant, and its formula in primitive lattices is
discussed in Refs. 42, 43, and 59. Because the glide-Z2
invariant is given in terms of integrals along the glide-
invariant planes in momentum space, nonprimitive lattice
will alter the glide-invariant planes, and the formula of
topological invariants should be altered. We derive a for-
mula of the glide-Z2 invariant in terms of integrals in non-
primitive lattice systems, namely in the space group (SG)
9 (Cc). Furthermore, we show that when inversion sym-
metry is added and the SG becomes 15 (C2/c), the for-
mula is expressed in terms of the irreducible representa-
tions at high-symmetry points. This formula is identical
with the symmetry-based indicator. We also formulate a
layer construction for these two space groups and find a
perfect agreement with our theory above. From this re-
sults we conclude that the only topological invariants for
these SGs are the glide-Z2 invariant and the Chern num-
ber. Since the glide symmetry is contained in many space
groups, this glide-symmetric TCI phase, ensured by the
Z2 topological invariant, can exist in many space groups
2as well. Therefore, understanding of this Z2 topological
phase with glide symmetry will deepen our knowledge for
topological phases in magnetic systems. Our discussion
in this paper is similarly applicable both to spinful and
spinless systems. In some parts of the text we limit our
discussion to spinless cases for simplicity, and extension
to spinful systems is straightforward.
In this paper we study SGs 9 (Cc) and 15 (C2/c).
To be more precise, we consider the type-I magnetic SGs
(MSGs), whose symbols are the same as those for the
corresponding crystallographic SGs, because they do not
contain time-reversal. The SGs 9 and 15 refer to the
type-I MSGs #9.37 (Cc) and #15.85 (C2/c) in the no-
tation of Bilbao Crystallographic Server60
The present paper is organized as follows. In Sec. II,
we derive the formula for the glide-Z2 topological invari-
ant in a nonprimitive lattice, both without and with the
inversion symmetry, corresponding to the SGs 9 and 15 ,
respectively. This formula is also derived from the layer
construction in Sec. III, and the results in Sec. II and
Sec. III completely agree with each other. We conclude
the paper in Sec. IV.
II. Z2 TOPOLOGICAL INVARIANT FOR
GLIDE-SYMMETRIC MAGNETIC SYSTEMS
WITH A NONPRIMITIVE LATTICE
In this section, we focus on glide-symmetric magnetic
systems in a nonprimitive lattice. The formula of the
glide-Z2 invariant in the previous paper
59 does not apply
to systems in a nonprimitive lattice, unlike those in a
primitive lattice. Therefore, the formula for the glide-
Z2 invariant should be altered. In this section, we briefly
review the glide-Z2 invariant and explain our motivation.
Then, we rewrite the glide-Z2 invariant in a nonprimitive
lattice with glide symmetry only.
A. Z2 topological invariant for magnetic
glide-symmetric systems
In magnetic glide-symmetric systems, we can define
the Z2 topological invariant to characterize a topo-
logical crystalline insulator phase ensured by glide
symmetry42,43. Let us consider the glide operator
Gˆy = {My|(c/2)zˆ}, (1)
where My is the reflection operator with respect to the
zx plane, and zˆ is the unit vector along the z axis. Here
we define a, b and c to be the lattice constants along the
x, y, and z axes, respectively, The SG 7 (Pc) is gener-
ated by the glide (1) and translations {E|axˆ}, {E|byˆ},
and {E|czˆ} in a monoclinic primitive lattice, where E is
the identity operation. When we add another translation
{E| 12 (axˆ + byˆ)}, the space group becomes 9 (Cc) in a
monoclinic base-centered (nonprimitive) lattice. Hence-
forth, we set the lattice constants a, b, and c to be unity
for simplicity, unless otherwise specified.
In SG 7 , we can define the glide-Z2 invariant ν for
such systems as42,43,59
ν =
1
2pi
[∫
A
Fxydkxdky +
∫
B
F−zxdkzdkx −
∫
C
F+zxdkzdkx
]
− 1
pi
(
γ+A′BA + γ
−
EDE′
)
(mod 2), (2)
whereA,B, and C are the regions shown in Fig. 1(a). The
superscript (±) indicates the glide sectors with eigenval-
ues of the glide operator g± = ±ife−ikzc/2 in spinless
(f = 0) and spinful (f = 1) systems. For simplicity, we
limit ourselves to the spinless cases, and it is straightfor-
ward to extend our discussion to spinful cases. F±ij (k) is
the corresponding Berry curvatures for these subspaces
F±ij (k) = ∂kiA
±
j (k)− ∂kjA±i (k), (3)
and γ±λ is the corresponding Berry phase within the g±-
sector along the path λ,
γ±λ (k) =
∮
λ
A±(k) · dk, (4)
where A±(k) is the corresponding Berry connections
given by the eigenstates |u±nk〉:
A±(k) ≡ i
∑
n: occ.
〈u±nk|∇k |u±nk〉 , (5)
where n runs over occupied band indices. We note that
the Berry-phase terms γ+A′BA, γ
−
EDE′ in Eq. (2) are along
the paths A′ → B → A, and E → D → E′, with their the
gauge taken to be periodic along the contours, meaning
that the phases of the wavefunctions at A and A′ are
the same, and likewise those at E and E′. We also note
that the definition of the glide-Z2 invariant in Eq. (2) is
changed from that in Refs. 42 and 43 for convenience in
comparison with layer construction, as discussed in detail
in Ref. 59.
B. Motivation
For the glide operator in Eq. (1), the Bloch Hamilto-
nian in momentum space satisfies
GyH(kx, ky , kz)G−1y = H(kx,−ky, kz), (6)
where Gy is the operator representing Gˆy. Thus, under
the glide operator Gy, points on the ky = 0 plane are in-
variant. Meanwhile, whether or not points on the ky = pi
plane are invariant depends on the lattices. In SG 7 , the
planes ky = 0 (B) and ky = pi (C) are invariant under
glide symmetry, and therefore on these planes, gilde sec-
tors can be defined. On the other hand, in nonprimitive
lattices like that in 9 (Cc), ky = pi is not glide invari-
ant unlike SG 7 , and one cannot define glide sectors on
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FIG. 1. (Color online) Unit cells and Brillouin zones for the
SGs 7 and 9 . (a) Upper half of the Brillouin zone in SGs
7 , 13 and 14 . Γ, A, E, Y, Z, B, C and D denote the high-
symmetry points in SG 13 and SG 14 . (b) Illustration of
the relation between the primitive lattice in 7 and the base-
centered lattice in 9 in the xy plane. U1 and U2 denote two
unit cells of the base-centered lattice 9 and U1 +U2 is a unit
cell of the primitive lattice 7 . (c) Upper half of the Brillouin
zone of the monoclinic base-centered lattice in 9 (Cc) and
15 (C2/c). Γ, Y, V (V ′), A,M, and L(L′) denote the high-
symmetry points in 15 . The corresponding Brillouin zone
of the monoclinic primitive lattice in SGs 7 , 13 and 14 is
depicted by dotted lines. (d) Comparison between the BZ of
the primitive lattice in SGs 7 , 13 , and 14 (solid line) and
that of the base-centered lattice in SGs 9 , and 15 (broken
line).
this plane. Thus, it is neccessary to modify the formula
of the Z2 topological invariant associated with the glide-
symmetry.
Let us compare 7 (Pc) with 9 (Cc). Both in 7 and in
9 , the only symmetry generator in addition to the trans-
lations is the glide operation, Eq. (1). While 7 is defined
on a primitive lattice, 9 is defined on a c base-centered
lattice. The primitive and reciprocal lattice vectors for
7 and 9 are summarized in Table I. A half of the Bril-
louin zone for 7 and 9 is shown in Fig. 1 (a) and (c),
respectively. In 7 , every k point on the ky = pi plane is
invariant under the glide operation,
k = gyk (mod b
Pc
i ). (7)
where bPci (i = 1, 2, 3) are the reciprocal lattice vectors
for 7 (Pc) given in Table I and gyk is the wavevector
transformed from k by Gˆy. Therefore, the Bloch Hamil-
tonian on the ky = pi plane can be block-diagonalized into
two blocks with glide eigenvalues g±, and eigenstates on
the ky = pi plane are classified with respect to the glide
sectors. On the other hand, k points in 9 on the ky = pi
plane are not invariant under the glide operation, because
TABLE I. Primitive lattice and reciprocal lattice vectors in
monoclinic primitive and base-centered lattices. Here we set
the lattice constants to be unity for simplicity.
space groups
(lattice)
a1,a2,a3 b1, b2, b3
7 (Pc)
(Monoclinic
primitive)
(100), (010), (001) 2pi(100), 2pi(010), 2pi(001)
9 (Cc)
(Monoclinic
base-centered)
( 1
2
1
2
0), ( 1¯
2
1
2
0), (001) 2pi(110), 2pi(1¯10), 2pi(001)
(0, 2pi, 0) is not among the reciprocal vectors for 9 (Cc).
Therefore, eigenstates on ky = pi cannot be associated
with glide sectors. Thus, we need to alter the formula
of the glide-Z2 invariant for 9 due to this nonprimitive
nature of 9 .
Our strategy is the following. To construct a formula
of the glide-Z2 invariant for 9 , we double the unit cell
of 9 into that of 7 as shown in Fig. 1(b), leading to a
folding of the BZ of 9 into that of 7 (see Fig. 1(d)). Note
that both the ky = pi plane and ky = −pi plane in 9 are
projected onto the same ky = pi plane in 7 by folding the
BZ. While the two points (kx, pi, kz) and (kx,−pi, kz) are
distinct in 9 , they are mapped to the same k point in the
BZ of 7 . Thus, by doubling the unit cell, we can relate
the wavefunctions between 7 and 9 , and we address how
the terms in Eq. (2) (for SG 7 ) on the ky = pi plane are
described in terms of the wavefunctions in 9 . Henceforth,
|unk〉 and |u˜nk〉 denote a wavefunction in 9 and in 7 , and
O and O˜ denotes an operator in 9 and in 7 , respectively,
throughout the present section.
C. Derivation of the formula of the Z2 topological
invariant for 9
We start by constructing the Hamiltonian for 7 from
that of 9 . As depicted in Fig. 1(b), one unit cell of 7
consists of two unit cells U1 and U2 of 9 , which are related
by a translation vector a1 = a
Cc
1 = (
1
2 ,
1
2 , 0). Based on
this point, we can divide the Bloch Hamiltonian for 9 ,
H(k), into two parts:
H(k) = H1(k) +H2(k)e−ik·a1 . (8)
The Hamiltonian H1(k) denotes intra-unit-cell hoppings
from Uα to Uα itself where α = 1, 2, while H2(k) de-
notes inter-unit-cell hoppings between U1 and U2. Due
to this division of the Hamiltonian, H1(k) andH2(k) sat-
isfy the periodicity for 7 i.e., Hα(k+ bPci ) = Hα(k) (i =
1, 2, 3, α = 1, 2). Then, in terms of the SG 7 , the corre-
sponding Hamiltonian and the glide operator are given
4by
H˜(k) =
(
H1(k) H2(k)e−2ik·a1
H2(k) H1(k)
)
, (9)
G˜y(k) =
(
Gy(k)
Gy(k)e
−iky
)
, (10)
where Gy(k) is the glide operator for 9 satisfying
Gy(k)H(k)G−1y (k) = H(gyk). Therefore, we can easily
see
G˜y(k)H˜(k)G˜−1y (k) = H˜(gyk). (11)
Thus we have established the Hamiltonian and the glide
operator for 7 out of those for 9 .
In order to derive a formula of the glide-Z2 invari-
ant for 9 , we need to write down wavefunctions in 7 in
terms of those in 9 . In particular, on the ky = pi plane,
we need wavefunctions in each of the glide sectors. Let
|u(k)〉 denote the wavefunction in 9 with the energy Ek:
H(k) |u(k)〉 = Ek |u(k)〉. Here the wavefunction u(k) is
periodic with respect to the Brillouin zone of the SG 9 .
Then, the wavefunction for 7 is given by
|u˜(k)〉 = 1√
2
(
1
eik·a1
)
|u(k)〉 , (12)
and one can simply see that H˜(k) |u˜(k)〉 = Ek |u˜(k)〉.
Since in 7 , the ky = pi plane is glide invariant, we can
now construct wavefunctions in each glide sector in 7 on
the ky = pi plane. The glide symmetry guarantees
Gy(k) |u(k)〉 = eiχ(k) |u(gyk)〉 , (13)
where χ(k) is a real function. By applying Gy(gyk), we
get
e−ikz = eiχ(k)+iχ(gyk). (14)
In 9 , |u(kx, pi, kz)〉 and Gy(kx, pi, kz) |u(kx, pi, kz)〉 ∝
|u(kx,−pi, kz)〉 reside at different wavevectors. On the
other hand, when we go to 7 , they correspond to the
same wavevector upon halving the BZ, and their linear
combinations give wavefunctions within each glide sec-
tor. By applying G˜y(k) onto |u˜(k)〉 where k = kpi ≡
(kx, pi, kz), we have
G˜y(kpi) |u˜(kpi)〉 = 1√
2
(
1
ei(kx−ky)/2
)
eiχ(kpi) |u(gykpi)〉 .
(15)
Thus, from the degenerate eigenstates |u˜(kpi)〉 and
G˜y(k) |u˜(kpi)〉, we can establish eigenstates in g± sectors
(i.e. G˜y = ± exp(−ikz/2)) by linear combinations:
|u˜±(kx, pi, kz)〉 = 1
2
[(
1
ieikx/2
)
|u(kx, pi, kz)〉 ±
(
1
−ieikx/2
)
eiχ(kx,pi,kz)+ikz/2 |u(kx,−pi, kz)〉
]
× exp
[
−i
(
χ(pi, pi, kz) +
kz
2
)
kx
2pi
]
×
{
1 (g+ sector)
e−ikx/2 (g− sector)
, (16)
by a straightforward calculation. The phase factor
e−i(χ(pi,pi,kz)+kz/2)
kx
2pi (e−i(χ(pi,pi,kz)+kz/2)
kx
2pi eikx/2) is re-
quired to guarantee periodicity of the wavefunctions be-
tween kx = pi and kx = −pi in 7 , which has been imposed
in the Berry-phase term in Eq. (2)
We plug in these eigenstates into the formula of the
glide-Z2 invariant of 7 in Eq. (2), with its details sum-
marized in Appendix A. As a consequence, the glide-Z2
invariant for 9 is written as follows:
ν =
1
2pi
[∫
A′
Fxydkxdky +
∫
B′
(
1
2
Fzx − F+zx
)
dkzdkx
]
+
1
pi
(
γM1M2 − γ+M1M3
)
. (17)
where A′ = {k|kz = −pi, 0 < ky, kx + ky < 2pi, ky −
kx < 2pi} and B′ = {k|ky = 0, −2pi < kx < 2pi, −pi <
kz < pi} are depicted in Fig. 1(c) and M1(−2pi, 0,−pi),
M2(0, 2pi,−pi), and M3(2pi, 0,−pi), Note that ν is gauge
invariant as expected.
D. Topological invariants for 15
Next, we consider what happens when the inversion
symmetry is added. There is only one way to add inver-
sion symmetry Iˆ = {I|0} into 9 , and the space group
becomes 15 . In this subsection, we derive the formula of
the glide-Z2 invariant for 15 in two ways; one is to ex-
5ploit a sewing matrix introduced in Ref. 4, and the other
is to fold the Brillouin zone of 15 into that of 13 and use
the formula for the glide-Z2 invariant in 13 , where 13
consists of the glide symmetry and inversion symmetry
in a primitive lattice. Through these two different meth-
ods, we will show that the glide-Z2 invariant ν for 15 is
given by
(−1)ν =
∏
i∈occ
ζ+i (Γ)ξi(V)
ξi(Y)
ζ+i (Y)
, (18)
where ζ+i is a C2 eigenvalue in the g+ sector and ξi is an
inversion parity for the i-th occupied state, and the prod-
uct runs over the occupied states. The high-symmetry
points are specified in Fig. 1(c). This formula applies
both to spinless and spinful cases. In spinless systems,
this formula is rewritten as
ν = NΓ−
2
(Γ) +NY −
1
(Y) +NV −
1
(V), (19)
where NR(P ) is the number of occupied states at a high-
symmetry point P with an irrep R of 15 at P . The irreps
of 15 are summarized in Appendix D.
In addition, we find that the Chern number Cy on the
kx-kz plane defined by
Cy = 1
2pi
∫
B′
Fzxdkzdkx (20)
can also be related with the irreps as
Cy ∈ 2Z, (−1)Cy/2 =
∏
i∈occ
ξi(Y)ξi(V)
ξi(M)ξi(L)
, (21)
both for spinful and spinless systems. It means that Cy
is always even, and the parity of Cy/2 is known from the
irreps of the occupied states at high-symmetry points.
1. Approach by using sewing matrix
Let us start with symmetry consideration. Adding an
inversion Iˆ = {I|0} with respect to the origin to 9 leads
15 . Then the C2 rotational symmetry around the axis
x = 0, z = 1/4,
Cˆ2 = Gˆy Iˆ = {C2y|zˆ/2} , (22)
is also added to symmetry operations. It satisfies the
relation
Cˆ2Gˆy = GˆyCˆ2{E|zˆ}. (23)
We now derive a formula for the glide-Z2 invariant for
15 from that of 9 in Eq. (17) with the help of the addi-
tional symmetries. We will calculate (−1)ν = eipiν with ν
given by Eq. (17) term by term. We find
∫
A′ Fxydkxdky =
0 from C2 symmetry, and by using the sewing matrix
4,59,
we obtain
eiγM1M2 =
∏
i∈occ
ξi(L)
ξi(M)
, (24)
from inversion symmetry. Since the glide sector is un-
changed upon the C2 rotation on the glide-invariant plane
ky = 0, we have
exp
[
− i
2
∫
B′
F+zxdkzdkx − iγ+M1M3
]
=
∏
i∈occ
ζ+i (Γ)
ζ+i (Y )
. (25)
Finally, we study the term of the Chern number Cy =
1
2pi
∫
B′ Fzxdkzdkx in Eq. (17). The key is the fact that
the flux of the Berry curvature has to be preserved in
an insulator. Thus, the Chern number Cy on the ky = 0
plane is equal to the sum of the integral of the Berry
curvature over the planes D1 = {(k− pi, k+ pi, kz)| −pi <
k < pi,−pi < kz < pi} and D2 = {(k+ pi, pi− k, kz)| −pi <
k < pi,−pi < kz < pi}, where the rectangular regions D1
and D2 are depicted in Fig. 2 with their normal vectors
defined as n1 =
1√
2
(−1, 1, 0) and n2 = 1√2 (1, 1, 0), re-
spectively. Here we define the Chern numbers C1 and C2
over the regions D1 and D2, respectively by
Ci = 1
2pi
∫
Di
Ωk · n d2k (i = 1, 2), (26)
where n is the normal vector of the plane, and Ωk =
(Fyz, Fzx, Fxy) is the Berry curvature. Then, we have
Cy = 1
2pi
∫
B′
Fzxdkxdkz =
1
2pi
(∫
D1
+
∫
D2
)
Ωk · n d2k
= C1 + C2 = 2C1, (27)
where we have used C1 = C2 due to the C2 rotational
symmetry. Here, C1 (= C2) is an integer, with its parity
given by
eipiCy/2 = eipiC1 =
= exp
[
i
2
∫
D1
Ωk · n d2k
]
=
∏
i∈occ
ξi(Y )ξi(V )
ξi(M)ξi(L)
. (28)
Therefore, in the present case the Chern number Cy on
the glide plane is always an even integer. This fact that
Cy is an even integer also follows directly from the fact
that the product of the inversion parities at A, M , Y ,
and Γ on the ky = 0 planes being always +1 thanks to
the compatibility relation, by noting that this product
gives (−1)Cy .
As a consequence, in the presence of inversion symme-
try, the glide-Z2 invariant for 15 is rewritten as
(−1)ν =
∏
i∈occ
ξi(L)
ξi(M)
ζ+i (Γ)
ζ+i (Y )
ξi(Y )ξi(V )
ξi(M)ξi(L)
=
∏
i∈occ
ζ+i (Γ)ξi(V )
ξi(Y )
ζ+i (Y )
. (29)
So far we have obtained this equation for spinless sys-
tems, and one can similarly discuss spinful systems to get
the same result Eq. (29). In particular, in spinless sys-
tems, we have only to count the number of states giving
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FIG. 2. Brillouin zone of 9 . (a) Upper half of the Bril-
louin zone of 9 . (b) Schematic figure of the flux of the
Berry curvatures on the kz = (const.) plane denoted by
red arrows. D1 and D2 denote the rectangular regions
D1 : {(k − pi, k + pi, kz)| − pi < k < pi,−pi < kz < pi},
D2 : {(k + pi, pi − k, kz)| − pi < k < pi,−pi < kz < pi}, re-
spectively. Integrals of the Berry curvature on D1 and on D2
are the same due to the twofold rotational symmetry C2z. Be-
cause the Berry curvature is divergence free in an insulating
system, its integral on B is equal to the sum of the those on
D1 and on D2.
nontrivial contribution, whose irreps are Γ−2 at Γ, V
−
1 at
V , and Y −1 at Y . The irreps at the high-symmetry points
are summarized in Table IV in Appendix D. Therefore,
we eventually have a formula of ν expressed in terms of
irreps for 15 as
ν = NΓ−
2
(Γ) +NY −
1
(Y) +NV −
1
(V), (30)
which is the same as Eq. (19)
2. Folding of the Brillouin zone from 15 onto 13
Here we derive Eq. (19) for spinless cases, from the
formula of the glide-Z2 invariant in 13 we derived in
Ref. 59,
ν = NΓ+
2
(Γ13)+NY +
2
(Y13)+NZ−
2
(Z13)+NC−
2
(C13), (31)
in which NR(P13) is the number of occupied states with
an irreps R for 13 at a high-symmetry point P13.
Systems in 15 can be regarded as those in 13 by choos-
ing the primitive lattice vectors to be a1 = (1, 0, 0),a2 =
(0, 1, 0),a3 = (0, 0, 1). Thereby, the unit cell is dou-
bled from that of 15 , and the BZ is folded by half,
as we discussed in the previous section. To distinguish
the high-symmetry k-points in 13 from those in 15 , we
put subscripts “13” and “15” onto the symbols of the
high-symmetry points. On the kz = 0 plane, the high-
symmetry points Γ15 and Y15 in 15 are projected onto
Γ13 in 13 , and V15 is projected onto C13 . Similarly,
on the kz = pi plane, A15 and M15 are projected onto
B13 , and L15 is projected onto E13 . Hence, the irreps
for Γ15 and Y15 (A15 andM15 ) in 15 should be directly
associated with those for Γ13 (B13 ) in 13 . On the other
hand, the case for V15 (L15 ) is not simple because two
inequivalent points V15 and V
′
15
(L15 and L
′
15
) in 15 are
mapped onto the same point in 13 (Fig. 1(a)(c)).
Let us consider the state with the irrep V +1 at V15 point
|uV +
1
(V15 )〉: I |uV +
1
(V15 )〉 = + |uV +
1
(V15 )〉. By introduc-
ing a corresponding state at V ′15 given by |φ(V ′15 )〉 ≡
Gy |uV +
1
(V15 )〉, we have
I |φ(V ′
15
)〉 = IGy |uV +
1
(V15 )〉 = GyI |uV +
1
(V15 )〉
= Gy |uV +
1
(V15 )〉
= |φ(V ′
15
)〉 . (32)
Thus, the corresponding state at V ′
15
is also characterized
by V +1 . Note that V15 and V
′
15
in 15 are simultaneously
projected onto C13 in 13 in the halved BZ and that
the C2 operation exchanges the states at V15 and that at
V ′
15
, meaning that the character for the C2 at C13 is zero.
Therefore, the irrep V +1 (V
−
1 ) at V15 in 15 corresponds
to the irreps C+1 + C
+
2 (C
−
1 + C
−
2 ) at C13 in 13 .
In the same manner, we can find a similar relation
between L15 in 15 and E13 in 13 . We consider a state
|uL+
1
(L15 )〉 obeying the L+1 irrep at L15 : I |uL+
1
(L15 )〉 =
+ |uL+
1
(L15 )〉. By introducing a corresponding state at
L′15 given by|φ(L′15 )〉 ≡ Gy |uL+
1
(L15 )〉, it follows that
I |φ(L′
15
)〉 = −Gy |uL+
1
(L15 )〉 = − |φ(L′15 )〉 . (33)
Therefore, when the state at L15 is in the L
+
1 irrep, the
corresponding state at L′
15
is characterized by L−1 , and
vice versa. As a result by folding the BZ by half, the
states at L15 in 15 are projected onto those with the 2D
irrep E1 at E13 in 13 .
Next, in order to rewrite NY +
2
(Y13) and NZ−
2
(Z13), we
investigate how the irreps at Y13 and Z13 in 13 cor-
respond to those in 15 . Let us start with Y13 in 13 .
This point splits into two points (±pi, 0, 0) on the high-
symmetry plane B15 in 15 , which is invariant under the
glide operation but not under inversion and C2 rotation.
The irrep Y +2 at Y13 corresponds to the irrep B2 of 15
at B15 , corresponding to the g− sector, and we need
to find out the correponding irreps at a high-symmetry
point in 15 . Let us consider how it is compatible with
irreps at Y15 In fact, from a state |u(k)〉 following the
irrep B2 at k = (kx, 0, 0), we can build another state
|u′(−k)〉| ≡ I|u(k)〉 at −k, which is also in the same
irrep B2. Then the states |ψ±〉 = u(k)〉 ± I|u(k) has
even (odd) parity. Thus at Y15, these states |ψ+〉 and
|ψ−〉 follow the irreps Y +2 and Y −1 at Y15 , respectively.
Therefore, we find
NY +
2
(Y13 ) = NB2(B15 ) = NY −
1
(Y15 ) +NY +
2
(Y15 ). (34)
Similarly, we obtain
NZ−
2
(Z13 ) = NΛ2(Λ15 ) = NY +
2
(Y15 ) +NY −
2
(Y15 ). (35)
Here, We have used the fact that Z13 in 13 is projected
onto (0,±pi, 0) on the high-symmetry line Λ15 in 15 pre-
serving the C2 rotational symmetry but not by inversion
symmetry and glide symmetry.
7In summary, we express the glide-Z2 invariant in 13 in
terms of irreps for 15 from the compatibility relations,
ν ≡ NΓ+
2
(Γ13 ) +NY +
2
(Y13 ) +NZ−
2
(Z13 ) +NC−
2
(C13 )
≡ NΓ+
2
(Γ15 ) +NY +
2
(Y15 ) +NY −
1
(Y15 )
+NY −
2
(Y15 ) +NV −
1
(V15 )
≡ NΓ−
2
(Γ15 ) +NY −
1
(Y15 ) +NV −
1
(V15 ) (mod 2),
(36)
which is the same as Eq. (19). We have used the com-
patibility conditions for 15 .
E. Relationship with previous results
Both in 13 and in 15 , the symmetry-based indicator
for 15 is Z2 × Z261,62. By comparison with our results,
we conclude that one Z2 is given by ν in Eq. (19), and the
other Z2 is in fact a half of the Chern number on the glide
plane Cy/2, which is equal to C1(= C2). Furthermore,
the E2,0∞ term of the K-theory classification
50 is the Z.
Since it should represent a topological invariant expressed
as a k-space 2D integral, this Z topological invariant is
Cy/2(= C1 = C2).
By the way, in inversion-symmetric systems, one can
define the Z4 symmetry-based indicator z4
61–63. From
our results on the relations between the glide-Z2 invariant
in 13 and that in 15 , we immediately have59
ν ≡ z4
2
(mod 2), (37)
Namely, the topological phase with a nontrivial glide-
Z2 invariant ν = 1 is also the higher-order topological
insulator phase with z4 = 2 (mod 4).
III. LAYER CONSTRUCTION
In this section, we introduce a layer construction,
which enables us to construct topological invariants in
a completely difefrent way from the k-space approach
adopted in the previous section. We here construct topo-
logical invariants for 9 and 15 by the layer construction.
A. Invariants from the layer construction
One can introduce various real-space topological in-
variants by the LC, similarly to Refs. 59 and 63. In this
LC for a SG, we introduce a set of planes, which are
located periodically to be compatible with lattice trans-
lation symmetry. Here we consider each plane to be a
2D Chern insulator with a Chern number equal to +1.
Then for each of the SG operations, such as inversion,
rotation, and glide, we can distinguish whether the con-
figurations of the layers can be continuously trivialized
or not, when the symmetry elements of the SG except
for the operation considered are ignored. Consequently,
to characterize nontrivial configurations of planes we in-
troduce a topological invariant for each SG operation.
To be more specific, we introduce a layer consisting of
an infinite number of planes
(mnl; d) = {r|r · (mb1 + nb2 + lb3) = 2pi(d+ q), q ∈ Z}
=
{
r|mx
a
+
ny
b
+
lz
c
= d+ q, q ∈ Z
}
, (38)
where bi’s are reciprocal vectors corresponding to the
primitive vectors a1 = (a, 0, 0), a2 = (0, b, 0), a3 =
(0, 0, c), m, n, l are integers and 0 ≤ d < 1. Here, in
order to facilitate understanding of the LCs for read-
ers, we adopt the primitive vectors of the primitive lat-
tice throughout the section. The integer q is introduced
to preserve the translation symmetry. Each plane in
the layer is decorated with a 2D Chern insulator with
a Chern number +1. Its orientation associated with
the Chern number, i.e. the orientation of the chiral
edge states, is specified by the reciprocal lattice vector
G = mb1 + nb2 + lb3, giving the normal vector of the
plane. Depending on SGs, we minimally introduce other
layers to make the set of layers to be compatible with the
given SG. Then we evaluate whether this set of layers can
be trivialized while preserving the symmetry considered
is preserved. The details are shown in Appendix B.
In 9 , we can find three kinds of invariants, the Chern
invariants δCi , i = 1, 2, 3 associated with a
Cc
i , a glide
invariant δgy for the glide operation Gy = {My|zˆ/2},
and the other glide invariant δgn for the glide operation
Gn = {My|(xˆ + yˆ + zˆ)/2}, as presented in Appendix
B. The glide operation Gn(= T1Gy) is known as addi-
tional symmetry elements63,64, where T1 is a translation
by (xˆ+ yˆ)/2. Here, one can show that δC1 = δC2 , δC3 = 0,
δgn ≡ δgy + δCi (mod 2), meaning that the independent
topological invariants are δCi and δgy .
In 15 , we can define six kinds of invariants, the Chern
invariants δCi , i = 1, 2, 3, the two glide invariants δgy , δgn ,
the inversion invariant δi, the C2 invariant δr, and the
C2 screw invariant δs, only from geometric configura-
tion of layers as discussed in detail in Appendix B. The
Chern invariants δCi are integers, while the other invari-
ants δgy , δgn , δi and δs are integers defined modulo 2, and
δr turns out to be always trivial: δr = 0 Then for ev-
ery LC, one can evaluate these invariants, from which we
establish relations between these invariants:
δi ≡ δgy (mod 2), (39)
δs ≡ δC1 = δC2 (mod 2), (40)
δi + δs ≡ δgn (mod 2), (41)
δr ≡ 0 (mod 2), (42)
δC3 = 0 (43)
as shown in Appendix B.
Now we can compare these invariants with the glide-Z2
invariant ν and the Chern number Cy. One can calculate
8these two topological invariants for general layers and
compare them with the invariants δCi , δgy , δgn , δi, δr,
and δs from the LC. With a straightforward calculation
with details presented in Appendix B, we get
1
2
Cy = C1 = C2 = δC1 = δC2 , (44)
ν ≡ δi ≡ δgy (mod 2), (45)
1
2
Cy ≡ δs (mod 2), (46)
ν +
1
2
Cy ≡ δgn (mod 2). (47)
Thus the topological invariants based on the LC com-
pletely agrees with the two topological invariants dis-
cussed in the previous section, the glide-Z2 invariant ν
and the Chern number Cy.
In particular, these results in Eqs. (44)-(47) show that
the independent topological invariants are the glide-Z2
invariant ν and the Chern number Cy. From these re-
sults we can demonstrate generators of LCs for nontrivial
values of topological invariants, i.e., minimal layer con-
figurations having nontrivial topological invariants. They
are listed in Table III in Appendix B.
B. Tight-binding models constructed from the
layer construction for 15
Here, we study the two elementary LCs (lmn; d) =
(001; 0) and (1¯10; 0) as summarized in Table III in Ap-
pendix B for 15 . These two LCs correspond to the
glide-symmetric Z2 magnetic TCI and the Chern insu-
lator phases in 15 , respectively, and we construct simple
tight-binding models for them in order to investigate our
scenario in this subsection. The details are presented in
Appendix C.
1. Glide-symmetric Z2 magnetic TCI phase: (001; 0)
Let us begin with the glide-symmetric Z2 magnetic
TCI phase. The glide-symmetric Z2 magnetic TCI phase
can be realized as an alternate stacking of two 2D Chern
insulator layers with opposite signs of the Chern number
±1. Suppose layers of a 2D Chern insulator with Cz = ±1
along the xy plane are placed at z = z0 + n in which n
is an integer. The glide symmetry then requires presence
of other layers of a 2D Chern insulator with Cz = −1 at
z = z0 + n + 1/2, because the glide operation changes
the sign of the Chern number. This system preserves
the symmetry in the SG 9 . This model gives a nontriv-
ial glide-Z2 topological invariant ν for glide-symmetric
systems by a direct calculation.
We now consider the case when inversion symmetry
is added, leading to the SG 15 . Inversion symmetry is
preserved when we fix the value of z0 to be z0 = 0, and
the configuration allowed by symmetry is the one with
?
z
x
y
?
-?
???
-???
C = +1
C = -1
C = +1
C = -1
C = +1
z
x
y
?
?
?
(a) (b)
FIG. 3. Layer constructions for (a) (001; 0), showing a glide-
Z2 topological phase (ν = 1, Cy = 0) and (b) (1¯10; 0), showing
a Chern insulator (ν = 0, Cy = 2) with 15 . The red arrows
denote the directions of the normal vector of the plane giving
a positive Chern number +1.
the 2D Chern insulators on z = n with Cz = +1 and
on z = n + 1/2 with Cz = −1, where n is an integer
(Fig. 3(a)). Therefore, a representative Hamiltonian for
the glide-symmetric Z2 magnetic TCI phase with addi-
tional inversion symmetry is obtained as
HLCν =
(
m+ 2 cos
kx
2
cos
ky
2
)
σz
+ sin
kx
2
cos
ky
2
(σx − σy)
+ cos
kx
2
sin
ky
2
(σx + σy)τz. (48)
The corresponding k-dependent glide operator and k-
dependent inversion operator are
Gy(kz) = e
−ikz/2
(
cos
kz
2
τx + sin
kz
2
τy
)
, (49)
I(kz) = σz
(
1 0
0 e−ikz
)
τ
. (50)
The Hamiltonian in Eq. (48) satisfies
Gy(kz)H
LC
ν (kx, ky, kz)Gy(kz)
−1 = HLCν (kx,−ky, kz),
(51)
I(kz)H
LC
ν (k)I(kz)
−1 = HLCν (−k), (52)
and these operators satisfy the algebra
Gy(−kz)I(kz) = eikzI(kz)Gy(kz). (53)
The Hamiltonian HLCν is gapped unless m = ±2, 0.
The gap closes at Γ when m = −2, at V (and V ′) when
m = 0, and at Y when m = 2. The Z2 topological
invariant is nontrivial (trivial) if 0 < |m| < 2 (|m| > 2).
The effective Hamiltonian at the high-symmetry points
P = Γ, Y , and V on the kz = 0 plane in Eq. (29) can be
written as
HLCν (P ) =
(
m+ 2 cos
kx
2
cos
ky
2
)
σz. (54)
9TABLE II. Irreducible representations for the two tight-
binding models for the topological phases in 15 from the layer
construction.
Γ Y V M L
HLCν (m = −2.5) Γ
+
1 + Γ
+
2 Y
+
1 + Y
+
2 2V
+
1 M1 L
+
1 + L
−
1
HLCν (m = −1.5) Γ
−
1 + Γ
−
2 Y
+
1 + Y
+
2 2V
+
1 M1 L
+
1 + L
−
1
HLCC (m = −2.5) Γ
+
1 + Γ
+
2 Y
+
1 + Y
+
2 2V
+
1 M1 L
+
1 + L
−
1
HLCC (m = −1.5) Γ
−
1 + Γ
−
2 Y
+
1 + Y
+
2 V
+
1 + V
−
1 M1 L
+
1 + L
−
1
The irreps of the occupied states are summarized in Ta-
ble II. Thus, it is Z2 nontrivial when |m| < 2, and trivial
otherwise.
The z4 indicator at m = −1.5 is equal to two from Ta-
ble II form = −2.5 and m = −1.5 as an example. There-
fore, it is a higher-order TI with the symmetry-based
indicator for 2 given by (Z2,Z2,Z2,Z4) = (0, 0, 0; 2).
Thus, this model at 0 < |m| < 2 is a higher-order TI
with the nontrivial Z2 topological invariant, in accor-
dance with Eq. (37).
2. Chern insulator phase: (1¯10; 0)
Next, we construct a model with a nontrivial Chern
number. In this case, we simply stack a 2D Chern insu-
lator with a Chern number equal to +1 along (1¯10) and
(110) directions (Fig. 3(b)). Then, we have a representa-
tive Hamiltonian
HLCC (k) =
(
H(+)(k)
H(−)(k)
)
τ
, (55)
where
H(±)(k) =
(
m+ cos kz + cos
kx ± ky
2
)
σz
+ sin kzσx + sin
kx ± ky
2
σy . (56)
The Hamiltonian HLCC indeed satisfies the relations in
Eqs. (51) and (52) under the corresponding operators
given by Eqs. (49) and (50).
This model shows phase transitions at m = 0,±2.
Each layer has a Chern number +1 for −2 < m < 0,
−1 for 0 < m < 2 and zero otherwise. For example, we
focus on the transition at m = −2. It is a trivial insula-
tor at m = −2.5 and a Chern insulator with Cy = +2 at
m = −1.5, as can be seen from Eq. (56). Meanwhile, both
m = −2.5 and m = −1.5, the Z2 topological invariant
(29) is trivial. Therefore, the Hamiltonian HLCC realizes
a topological phase with the Chern number Cy = 2 but a
trivial Z2 topological invariant at m = −1.5 as we have
expected.
IV. CONCLUSION
In the present paper, we find the formula for the topo-
logical invariant protected by glide symmetry in a non-
primitive lattice. We establish a formula for the glide-Z2
invariant for the space group 9 with glide symmetry in
the base-centered lattice, by folding its Brillouin zone
into that of the primitive lattice where the formula for
the glide-Z2 invariant is known. The formula is writ-
ten in terms of the integrals of the Berry curvatures and
Berry phases in the k-space. We then calculate the for-
mula of the glide-Z2 invariant when the inversion sym-
metry is added, and the space group becomes 15 . This
reduces the formula into the Fu-Kane-like formula, ex-
pressed in terms of the irreducible representations at
high-symmetry points in k space. This result gives an
interpretation to the previous results on topological in-
dices, such as symmetry-based indicators and K-theory.
In particular, the symmetry-based indicator for the SG
15 is Z2 × Z2, and the results in our paper show that
one Z2 is the glide-Z2 topological invariant and the other
is the parity of the half of the Chern number along the
glide invariant plane ky = 0.
We also construct toplogical invariants by the layer-
construction approach, and the results completely agrees
with those from the k-space approach in this paper.
Based on this we find two elementary layer constructions
for 15 in a form of tight-binding models. The topologi-
cal invariants obtained in this paper should be useful for
characterizing and designing the glide-Z2 phase in sys-
tems with various kinds of particles.
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Appendix A: Details of the derivation of the glide-Z2
invariant in SG 9
In this Appendix, we derive the formula of the glide-Z2
invariant for the SG 9 from that for 7 given in Eq. (2).
We plug in the eigenstates of 7 in Eq. (16) constructed
from those in 9 into the formula of the glide Z2 invariant
of 7 in Eq. (2). In particular, we can recast the integral
10
into
∫
C
=
∫ pi
−pi
dkz
∫ pi
−pi
dkxF˜
+
zx(kx, pi, kz)
=
1
2
(∫ pi
−pi
dkz
∫ pi
−pi
dkxFzx(kx, pi, kz)
+
∫ pi
−pi
dkz
∫ pi
−pi
dkxFzx(kx,−pi, kz)
)
+
1
4
∫ pi
−pi
dkx
∑
i∈occ.
(i 〈ui(q)|Gy(q) |ui(q)〉+ c.c.) ,
(A1)
where q = (kx, pi,−pi). The Berry phase term along E→
D→ E′ is expressed as
− 2γ−EDE′ = 2
∮ pi
−pi
dkxA˜
−
x (kx, pi,−pi)
=
∮ pi
−pi
dkxAx(kx, pi,−pi) +
∮ pi
−pi
dkxAx(kx,−pi,−pi)
+
∑
i∈occ.
(χi(pi, pi,−pi) + χi(−pi, pi,−pi))
+
1
4
∫ pi
−pi
dkx
∑
i∈occ.
(i 〈ui(q)|Gy(q) |ui(q)〉+ c.c.) .
(A2)
Next, we consider the kz = −pi plane. The term on
this plane for 9 is rewritten as
∫
A
=
∫ pi
0
dky
∫ pi
−pi
dkxF˜xy(kx, ky,−pi)
=
∫ 2pi
0
dky
∫ −ky+2pi
ky−2pi
dkxFxy(kx, ky,−pi)
+
(∮
Ca
+
∮
Cb
)
dk ·A(k)
−
∮ pi
−pi
dkxAx(kx, pi,−pi)−
∮ pi
−pi
dkxAx(kx,−pi,−pi),
(A3)
where the paths for the Berry-phase terms are Ca =
{k|kz = −pi, ky = kx + 2pi, −2pi < kx < 0} Cb =
{k|kz = −pi, ky = −kx + 2pi, 0 < kx < 2pi}, depicted in
Fig. 4(a).
Therefore, to summarize up to this point we have∫
A
−
∫
C
−2γ−EDE′ (A4)
= −1
2
(∫ pi
−pi
dkz
∫ pi
−pi
dkxFzx(kx, pi, kz)
+
∫ pi
−pi
dkz
∫ pi
−pi
dkxFzx(kx,−pi, kz)
)
+
∑
i∈occ.
(χi(pi, pi,−pi) + χi(−pi, pi,−pi))
+
∫ 2pi
0
dky
∫ −ky+2pi
ky−2pi
dkxFxy(kx, ky,−pi)
+
(∮
Ca
+
∮
Cb
)
dk ·A(k). (A5)
In order to proceed, we have to clarify properties of the
function χi(k). Owing to the periodicity of BZ, we can
write
χi(k + b
Cc
1 ) = χi(k) + 2piNi, (A6)
χi(k + b
Cc
2 ) = χi(k) + 2piN
′
i , (A7)
where Ni and N
′
i are integers. By substituting k → k +
bCc1 in Eq. (A9), we get Ni = N
′
i . Then we obtain an
expression of χi(k) as
χi(k) = Niky + θi(kx, ky, kz), (A8)
where Ni is an integer and θi(kx, ky, kz) is a periodic
function of kx and ky in the BZ of SG 9 : θi(k + b
Cc
j ) =
θi(k) (j = 1, 2). Next, in Eq. (14) we can write
χi(k) + χi(gyk) = −kz + 2piQi, (A9)
where Qi is an integer. Therefore, by summing over all
the occupied states, we get∑
i∈occ.
(χi(pi, pi,−pi) + χi(−pi, pi,−pi))
=
∑
i∈occ.
(2piNi + θi(pi, pi,−pi) + θi(−pi, pi,−pi))
=
∑
i∈occ.
(2piNi + θi(pi, pi,−pi) + θi(pi,−pi,−pi))
=
∑
i∈occ.
(2piNi + 2piQi + pi) . (A10)
To further evaluate this quantity, we put ky = 0 in
Eq. (A9), which leads to 2χi(kx, 0, kz) = −kz + 2piQi.
On the other hand, on the glide-invariant ky = 0 plane,
the states are classified into the g± sectors with Gy =
±e−ikz/2, meaning that
χi(kx, 0, kz) ≡ −kz/2 (mod 2pi) → Qi = even : g+sector
χi(kx, 0, kz) ≡ pi − kz/2 (mod 2pi) → Qi = odd : g−sector
Since these two sectors switch when kz increases by 2pi,
meaning that the numbers of occupied states in the g+
11
sector and that in the g− sector are the same. Therefore,
we finally conclude from Eq. (A10) that
∑
i∈occ.
(χi(pi, pi,−pi) + χi(−pi, pi,−pi))
≡
∑
i∈occ.
2piNi (mod 4pi). (A11)
Second, we investigate the Berry phase terms in Eq. (A5).
Due to the periodicity of the BZ, we have
∮
Cb
dk ·A(k)
=
∑
i∈occ.
2piNi +
∮
Ca
dk ·A(k), (A12)
Thus in the sum of Eqs. (A11) and (A12), the Ni terms
becomes 4pi times an integer.
On the other hand, the terms on the glide-invariant
plane ky = 0 in 9 are given by
∫
B
=
∫ pi
−pi
dkz
∫ pi
−pi
dkxF˜
−
zx(kx, 0, kz)
=
∫ pi
−pi
dkz
∫ 2pi
−2pi
dkxF
−
zx(kx, 0, kz), (A13)
and
γ+A′BA =
∮ pi
−pi
dkxA˜
+
x (kx, 0,−pi) =
∮ 2pi
−2pi
dkxA
+
x (kx, 0,−pi).
(A14)
Therefore, by combining these results, the glide-Z2 in-
variant for 9 recast as follows:
ν =
1
2pi
[
2
∮
Ca
dk ·A(k)
− 2
∮ 2pi
−2pi
dkxA
+
x (kx, 0,−pi)
+
∫ 2pi
0
dky
∫ −ky+2pi
ky−2pi
dkxFxy(kx, ky,−pi)
+
∫ pi
−pi
dkz
∫ 2pi
−2pi
dkxF
−
zx(kx, 0, kz)
− 1
2
(∫ pi
−pi
dkz
∫ pi
−pi
dkxFzx(kx, pi, kz)
+
∫ pi
−pi
dkz
∫ pi
−pi
dkxFzx(kx,−pi, kz)
)]
. (A15)
Because we are assuming an insulating system, the vector
field of the Berry curvature is divergence free. Therefore,
by noticing that the summation of the last two terms in
Eq. (A15) is equal to the Chern number on the glide-
invariant plane ky = 0 (see Fig. 4(b)), we have an alter-
native expression for ν,
ν =
1
2pi
[
2
∮
Ca
dk ·A(k)
−2
∮ 2pi
−2pi
dkxA
+
x (kx, 0,−pi)
+
∫ 2pi
0
dky
∫ −ky+2pi
ky−2pi
dkxFxy(kx, ky,−pi)
+
∫ pi
−pi
dkz
∫ 2pi
−2pi
dkx
1
2
(Fzx(kx, 0, kz)− F+zx(kx, 0, kz))
]
,
(A16)
which is the same as Eq. (17). We have used the relation
Fij(k) = F
+
ij (k) + F
−
ij (k).
So far we studied spinless cases. Meanwhile, Eq. (A16)
applies also to spinful cases as well. Instead of Eq. (13), in
spinful cases the glide operator satisties Gy(gyk)Gy(k) =
−e−ikz and −e−ikz = eiχ(k)+iχ(gyk) instead of Eq. (14).
Therefore, instead of Eq. (16) the wavefunctions in each
glide sector of 9 is given by
|u˜±(kx, pi, kz)〉 = 1
2
[(
1
ieikx/2
)
|u(kx, pi, kz)〉 ∓ i
(
1
−ieikx/2
)
eiχ(kx,pi,kz)+ikz/2 |u(kx,−pi, kz)〉
]
× exp
[
−i
(
χ(pi, pi, kz) +
kz
2
)
kx
2pi
]
×
{
eikx/4 (g+ sector)
e−ikx/4 (g− sector)
. (A17)
From this equation, the expression χi(pi, pi,−pi) + χi(−pi, pi,−pi) in this Appendix acquires an additional −pi term.
Nonetheless, Eq. (A9) is replaced by
χi(k) + χi(gyk) = pi − kz + 2piQi, (A18)
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which also has an additional pi. As a result, Eq. (A10) becomes∑
i∈occ.
(χi(pi, pi,−pi) + χi(−pi, pi,−pi)− pi)
=
∑
i∈occ.
(2piNi + θi(pi, pi,−pi) + θi(−pi, pi,−pi)− pi)
=
∑
i∈occ.
(2piNi + θi(pi, pi,−pi) + θi(pi,−pi,−pi)− pi)
=
∑
i∈occ.
(2piNi + 2piQi + pi) , (A19)
ky
kx
(a)
2pi0
2pi
-2pi
-2pi
ky
kx
(b)
2pi0
2pi
-2pi
-2pi
Ca Cb
FIG. 4. Domain of integration in the derivation of the for-
mula of the glide-Z2 invariant in 9 . (a) The paths for the
Berry phase terms in Eq. (A5) on kz = −pi. (b) Domains of
integration of the Berry curvature shown on a kz = (const.)
plane. In Eq. (A15) the Berry curvature term is over the
two regions shown as red and yellow lines. Because of the
Brillouin zone periodicity, the integral over the blue region is
the same as that over the red one, and by adding the term
from the yellow region, it equals to the integral over the green
region along ky = 0.
and its result is the same as the spinless cases. Thus, the
final expression of the glide-Z2 invariant in spinful cases
is the same as that in spinless cases in Eq. (A16).
Appendix B: Layer construction for space groups 9
and 15
In this appendix, we argue a layer construction (LC)
in class A for 9 and 15 . The formalism for the LC in
class A is the same as that in Ref. 59.
1. Setup
Let us start with a layer (mnl; d) which is a set of
planes described by the Miller indices (mnl) and dis-
placed from the origin by d (0 ≤ d < 1),
(mnl; d) = {r|r · (mb1 + nb2 + lb3) = 2pi(d+ q), q ∈ Z}
=
{
r|mx
a
+
ny
b
+
lz
c
= d+ q, q ∈ Z
}
, (B1)
where bi’s (i = 1, 2, 3) are reciprocal vectors correspond-
ing to lattice vectors a1 = a(100),a2 = b(010),a3 =
c(001) of the primitive lattice, which are aPci ’s in our
main text. We take this choice for convenience.
2. Topological invariants in glide-symmetric
systems
Here we summarize the results of the topological in-
variants associated with the layer construction compris-
ing 2D Chern insulator layers. The detailed explanations
are in Ref. 59, and we show its outline here.
a. Chern invariant
For a reciprocal plane Di normal to one of the primitive
lattice vectors ai, the Chern number is defined as
δCi =
1
2pi
∫
Di
d2k ni ·Ωk, (B2)
where Ωk = (Fyz , Fzx, Fxy) is the Berry curvature, ni ≡
ai/|ai| is a unit vector along ai, and the integral is taken
over the 2D BZ Di on the plane perpendicular to ni.
These Chern numbers are associated with the primitive
lattice vectors ai, and we can calculate them by counting
intersections of the LC L = (mnl; d) with an axis parallel
to the ai within the unit cell. Therefore, we have
δCi =
1
2pi
∑
L∈E
gL · ai, (B3)
where E is a set of LCs compatible with the space group
considered, and gL = mb1 + nb2 + lb3 for the layer L ∈
E. We note that even though the Miller indices for the
layer, the symmetry operations, and the other topological
invariants are given by conventional lattice vectors, these
Chern numbers are defined with respect to the primitive
cell. Namely, in the SG 9 and 15 we take aCc1 = (
1
2 ,
1
2 , 0),
aCc2 = (
1¯
2 ,
1
2 , 0), a
Cc
3 = (0, 0, 1).
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b. Glide invariant δg
In the presence of glide symmetry, we can find a Z2
invariant for glide-symmetric systems42,43. We can ex-
press this invariant based on the LC in the similar way
as in Ref. 63. We first choose one of the glide planes, and
we fix this choice throughout our theory. Then, the glide
invariant δg is expressed as
δg =
∑
L∈E
(Nom,t‖(L) +N
s
m,t‖
(L)) (mod 2) (B4)
Nom,t‖(L) =
{
1 if m ∈ L
0 otherwise
, (B5)
N sm,t‖(L) =
1
2pi
|t‖ · gL|, (B6)
where m is the glide plane of our choice, m ∈ L means
the layer L occupies the glide plane m, and t‖ is a glide
vector.
c. Inversion invariant δi
In the presence of inversion symmetry, we can define
the inversion invariant δi. We first choose one out of
the eight inversion centers in a unit cell, and we fix the
choice throughout our theory. When a layer occupies the
inversion center, this layer cannot be trivialized as long
as inversion symmetry is preserved. Meanwhile, one can
trivialize the configuration where two layers occupy the
inversion center, rendering it into a trivial atomic insu-
lator. Therefore, the inversion invariant δi is expressed
as
δi(E) =
∑
L∈E
Noi (L) (mod 2), (B7)
Noi (L) =
{
1 if i ∈ L
0 otherwise
, (B8)
where i is the inversion center of our choice out of the
eight different inversion centers, i ∈ L means that the
layer L occupies the inversion center i.
d. C2 rotation invariant δr
In the presence of C2 rotation symmetry, we obtain the
C2 rotation invariant δr in a similar manner. In fact, this
invariant is always trivial as long as a layer is decorated
by a 2D Chern insulator59. Therefore, we have
δr(E) = 0. (B9)
e. C2 screw invariant δs
In the presence of C2 screw symmetry, we can find the
C2 screw invariant δs
59 as
δs(E) =
∑
L∈E
N ss,t‖(L) (mod 2), (B10)
N ss,t‖(L) =
1
2pi
|t‖ · gL|, (B11)
where t‖ is a screw vector.
3. Invariants based on LCs
a. Space group 9
In 9 , we can find the Chern invariants δCi=1,2,3 , a
glide invariant δgy defined by the glide operation Gy =
{My|zˆ/2}, and the other glide invariant δgn defined by
the glide operation Gn = {My|(xˆ+ yˆ+ zˆ)/2}. The glide
operation Gn(= T1Gy) is known as an additional symme-
try element64, where T1 = {E|(xˆ + yˆ)/2}, and the two
glide operations lead to different glide invariants δgy and
δgn .
Let us investigate the invariants in 9 . The glide op-
erations Gy and Gn transform the layer L = (mnl; d)
to
GyL =
(
m¯nl¯
∣∣∣− l
2
− d
)
, (B12)
GnL =
(
m¯nl¯
∣∣∣− 1
2
(m− n+ l)− d
)
, (B13)
and
GnG
−1
y L = T1L =
(
mnl; d+
1
2
(m+ n)
)
. (B14)
Note that GyL is not written as (mn¯l; d− l2 ) because the
2D Chern insulator has its own orientation corresponding
to the direction of the chiral edge states. Therefore, the
Chern invariants for the LC L(mnl; d) in 9 are given as
δC1 = δC2 , (B15)
=


n/2 (m = l = 0, n = even, d = 0, 1/2)
n (m = l = 0, n = odd, 4d ∈ Z
or m = l = 0, n = even, d 6= 0, 1/2
or (m, l) 6= (0, 0),m+ n = even)
2n (otherwise)
,
δC3 = 0. (B16)
We emphasize that the Chern invariants δCi=1,2,3 are asso-
ciated with the primitive lattice vectors for 9 , aCci shown
in Table I.
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The glide invariant δgy is given by
δgy ≡


1 (m = l = 0, d = 0 or
m = l = 0, n = odd, d = 1/2)
l ((m, l) 6= (0, 0),m+ n = even)
0 (otherwise)
(B17)
modulo 2. The glide plane is chosen to be y = 0, and not
y = 1/2. Similarly, the other glide invariant δgn is given
by
δgn ≡


1 (m = l = 0, n ∈ 4Z, d = 0 or
m = l = 0, n = odd, d = 1/4, 3/4 or
m = l = 0, n = 2× odd, d = 1/2)
m+ l ((m, l) 6= (0, 0),m+ n = even)
0 (otherwise)
(B18)
modulo 2. Here we choose the glide plane to be y = 1/4,
and not y = 3/4. One can directly show that δgn ≡
δgy + δC1 (mod 2).
b. Space group 15
In 15 , we can define six kinds of invariants, the Chern
invariants δCi=1,2,3 , the two different types of glide in-
variant δgy , δgn , the inversion invariant δi, the C2 ro-
tation invariant δr, and the C2 screw invariant δs for
{C2y|(xˆ+yˆ+zˆ)/2}. The Chern invariant δCi takes an in-
teger value, while the other invariants δgy , δgn , δi, and δs
are defined modulo 2, and δr turns out to be always zero.
The inversion operator transforms the layer (mnl; d) into
(mnl;−d), and this leads to doubling to the number of
layers to be eight, if the additional layers are not iden-
tical with the original ones. In this system, the Chern
invariants are obtained as follows:
δC1 = δC2
=


n/2 (m = l = 0, n = even,
d = 0, 1/2)
n (m = l = 0, n = odd,
d = 0, 1/4, 1/2, 3/4
n (m = l = 0, n = even, d 6= 0, 1/2)
n ((m, l) 6= (0, 0),m+ n = even, d = 0, 1/2)
2n ((m, l) 6= (0, 0),m+ n = even, d 6= 0, 1/2
or (m, l) 6= (0, 0),m+ n = odd, 4d ∈ Z
or m = l = 0, n = odd, d 6= 0, 1/4, 1/2, 3/4)
4n (otherwise)
,
(B19)
δC3 = 0. (B20)
The glide invariant δgy and the inversion invariant δi are
calculated, and they turn out to be completely equal;
δgy = δi ≡


1 (m = l = 0, d = 0
or m = 0, n = odd, l = 0, d = 12 ))
l ((m, l) 6= (0, 0),m+ n = even,
d = 0, 1/2)
0 otherwise
(B21)
δgy = δi (B22)
modulo 2. The other glide invariant δgn is given by
δgn ≡


1 (m = l = 0, n ∈ 4Z, d = 0 or
m = l = 0, n = odd, d = 1/4, 3/4 or
m = l = 0, n/2 = odd, d = 12 )
m+ l (m+ n = even, d = 0, 1/2)
0 (otherwise)
(B23)
modulo 2. The C2 screw invariant δs is given by
δs ≡ δC1 = δC2 (B24)
modulo 2. They are related by the following equations:
δi ≡ δgy (mod 2), (B25)
δs ≡ 1
2
δCy (mod 2), (B26)
δi + δs ≡ δgn (mod 2), (B27)
in which we define δCy = δC1 + δC2 = 2δC1 .
Let us verify the relations between these invariants and
the glide-Z2 invariant ν and the Chern number Cy. We
can calculate ν and Cy for general layers and compare
them with the invariants from the LC. We then get
δCy = Cy ∈ 2Z, (B28)
δi ≡ δgy ≡ ν (mod 2), (B29)
δs ≡ 1
2
Cy (mod 2), (B30)
δgn ≡ ν +
1
2
Cy (mod 2). (B31)
The topological invariants calculated from the LC hence
totally agree with the known topological invariants, the
glide-Z2 invariant ν and the Chern number Cy. We will
show elementary layer constructions, showing minimal
layer configurations with nontrivial topological invariants
from these results shown in Table III.
4. Elementary layer constructions
Following the argument in Ref. 63, we can find eLCs in
9 and 15 summarized in Table III. All SGs listed here
have two independent topological invariants as we have
seen in this paper, Therefore, each SG has two eLCs.
15
TABLE III. Summary of elementary layer construction,
symmetry-based indicators, and topological invariants for 9
and 15 . δCi are Chern indices. In addition, δgy , δi, δs
and δgn are topological indices associated with the glide
{My |zˆ/2}, inversion, C2 screw {C2y |(xˆ+ yˆ + zˆ)/2}, and the
glide {My |(xˆ + yˆ + zˆ)/2}, respectively. In the notation of
Ref. 63, these four symmetry operations are written as g010
00 1
2
,
i, 20101
2
1
2
1
2
, and g0101
2
1
2
1
2
.
SG eLC Z2,2,2,4 Invariants
(mnl; d) δCi δgy δgn
9 (Cc) 001; d0 N/A 000 1 1
1¯10; d0 110 0 1
(mnl; d) δCi δgy δi δs δgn
15 (C2/c) 001; 0 0002 000 1 1 0 1
1¯10; 0 1100 110 0 0 1 1
Appendix C: Tight-binding models for the
elementary layer constructions of 15
.
Let us consider the system with the SG 15 with the
glide symmetry and inversion symmetry given by
Gy = {My|zˆ/2} , I = {I|0}. (C1)
As we presented in Appendix B, there are two eLCs,
(001; 0) and (1¯10; 0). We discuss these two eLCs sepa-
rately.
1. ν = 1, Cy = 0 (L = (001; 0))
This eLC is given by putting a Chern insulator layer
with C = 1 on the xy plane at z = 0 with the inversion
symmetry, and by generating other layers by symmetry
as shown in Fig 3(a). The model Hamiltonian for the
layer on the z = 0 plane is written as
∑
x,y∈Z
+
∑
x,y∈Z+1
2

[ψ†(x+ 1
2
, y +
1
2
)
σz + iσx
2
ψ(x, y)
+ ψ†(x− 1
2
, y +
1
2
)
σz + iσy
2
ψ(x, y) + h.c.
+ mψ†(x, y)σzψ(x, y)
]
,
satisfying
Iˆψ†(x, y)Iˆ−1 = ψ†(−x,−y)σz.
Making copies by the glide transformation
Gˆyψ
†(x, y, z)Gˆ−1y = ψ
†(x,−y, z + 1
2
). (C2)
The Hamiltonian reads
Hˆ =

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

[ψ†(x+ 1
2
, y +
1
2
, z)
σz + iσx
2
ψ(x, y, z) + ψ†(x− 1
2
, y +
1
2
, z)
σz + iσy
2
ψ(x, y, z)
+ ψ†(x+
1
2
,−y − 1
2
, z +
1
2
)
σz + iσx
2
ψ(x,−y, z + 1
2
) + ψ†(x − 1
2
,−y − 1
2
, z +
1
2
)
σz + iσy
2
ψ(x,−y, z + 1
2
) + h.c.
+mψ†(x, y, z)σzψ(x, y, z) + mψ†(x,−y, z + 1
2
)σzψ(x,−y, z + 1
2
)
]
=

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

[ψ†(x+ 1
2
, y +
1
2
, z)
σz + iσx
2
ψ(x, y, z) + ψ†(x− 1
2
, y +
1
2
, z)
σz + iσy
2
ψ(x, y, z)
+ ψ†(x+
1
2
, y − 1
2
, z +
1
2
)
σz + iσx
2
ψ(x, y, z +
1
2
) + ψ†(x− 1
2
, y − 1
2
, z +
1
2
)
σz + iσy
2
ψ(x, y, z +
1
2
) + h.c.
+mψ†(x, y, z)σzψ(x, y, z) + mψ†(x, y, z +
1
2
)σzψ(x, y, z +
1
2
)
]
Let us introduce k-space basis
Ψ†(kx, ky, kz) ≡

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

(ψ†(x, y, z), ψ†(x, y, z + 1
2
)
)
ei(kxx+kyy+kzz). (C3)
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The glide and inversion are replaced as
GˆyΨ
†(kx, ky, kz)Gˆ−1y =

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

(ψ†(x,−y, z + 1
2
), ψ†(x,−y, z + 1)
)
ei(kxx+kyy+kzz)
= Ψ†(kx,−ky, kz)
(
0 e−ikz
1 0
)
τ
,
IˆΨ†(kx, ky, kz)Iˆ−1 =

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

(ψ†(−x,−y,−z), ψ†(−x,−y,−z − 1
2
)
)
ei(kxx+kyy+kzz)σz
= Ψ†(−kx,−ky,−kz)σz
(
1 0
0 e−ikz
)
τ
.
To summarize, the momentum space Hamiltonian and symmetry operator are
H(kx, ky, kz) =
(
m+ cos
kx + ky
2
+ cos
−kx + ky
2
)
σzτ0 + sin
kx + ky
2
(
σx 0
0 −σy
)
+ sin
kx − ky
2
(
−σy 0
0 σx
)
=
(
m+ 2 cos
kx
2
cos
ky
2
)
σzτ0 + sin
kx
2
cos
ky
2
(σx − σy)τ0 + cos kx
2
sin
ky
2
(σx + σy)τz ,
Gy(kx, ky, kz) =
(
0 e−ikz
1 0
)
τ
, I(kx, ky, kz) = σz
(
1 0
0 e−ikz
)
τ
.
Let us compute the indicator for −2 < m < 0. The C2
rotation around the axis x = 0, z = 1/4 is given by
C2(kx, ky, kz) ≡ Gy(−kx,−ky,−kz)I(kx, ky, kz) = σzτx
(C4)
At high-symmetry points, the Hamiltonians and symme-
try operators within the occupied states are given by the
following:
P H(P ) C2(P )|occ Gy(P )|occ I(P )|occ
Γ (m+ 2)σz σzτx τx σz
Y (m− 2)σz σzτx τx σz
V mσz σzτx τx σz
The irreps at m = −2.5 and m = −1.5 are summarized
as follows:
Γ Y V
H(m = −2.5) Γ+1 + Γ+2 Y +1 + Y +2 2V +1
H(m = −1.5) Γ−1 + Γ−2 Y +1 + Y +2 2V +1
Therefore, we find that the glide-Z2 invariant is ν = 1 at
m = −1.5 and ν = 0 at m = −2.5, in agreement with
the expected results.
2. ν = 0, Cy = 2 (L = (1¯10; 0))
We here calculate the topological invariants for the LC
(1¯10; 0) as shown in Fig. 3(b). This layer is accompanied
by the layer (110; 0) by C2z symmetry. We consider a
Chern insulator with C = 1 on a [1¯10] plane including
the origin. Its Hamiltonian and the inversion operation
is written as
 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

[ψ†(x, y, z + 1)σz + iσx
2
ψ(x, y, z)
+ ψ†(x+
1
2
, y +
1
2
, z)
σz + iσy
2
ψ(x, y, z) + h.c.
+ mψ†(x, y, z)σzψ(x, y, z)
]
, (C5)
Iˆψ†(x, y, z)Iˆ−1 = ψ†(−x,−y,−z)σz. (C6)
We then make its copies by the glide transformation
Gˆyψ
†(x, y, z)Gˆ−1y = ψ(x,−y, z +
1
2
). (C7)
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Then the total Hamiltonian reads
Hˆ =

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

[ψ†(x, y, z + 1)σz + iσx
2
ψ(x, y, z) + ψ†(x +
1
2
, y +
1
2
, z)
σz + iσy
2
ψ(x, y, z)
+ ψ†(x,−y, z + 3
2
)
σz + iσx
2
ψ(x,−y, z + 1
2
) + ψ†(x +
1
2
,−y − 1
2
, z +
1
2
)
σz + iσy
2
ψ(x,−y, z + 1
2
) + h.c.
+mψ†(x, y, z)σzψ(x, y, z) + mψ†(x,−y, z + 1
2
)σzψ(x,−y, z + 1
2
)
]
=

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z

[ψ†(x, y, z + 1)σz + iσx
2
ψ(x, y, z) + ψ†(x +
1
2
, y +
1
2
, z)
σz + iσy
2
ψ(x, y, z)
+ ψ†(x, y, z +
3
2
)
σz + iσx
2
ψ(x, y, z +
1
2
) + ψ†(x+
1
2
, y − 1
2
, z +
1
2
)
σz + iσy
2
ψ(x, y, z +
1
2
) + h.c.
+mψ†(x, y, z)σzψ(x, y, z) + mψ†(x, y, z +
1
2
)σzψ(x, y, z +
1
2
)
]
.
Let us introduce the k-space basis
Ψ†(kx, ky, kz) =

 ∑
x,y,z∈Z
+
∑
x,y∈Z+1
2
,z∈Z


(Ψ†(x, y, z),Ψ†(x, y, z +
1
2
))ei(kxx+kyy+kzz). (C8)
The momentum space Hamiltonian and symmetry oper-
ators are represented as
H(k) =
(
H(+)(k)
H(−)(k)
)
τ
H(±)(k) =
(
m+ cos kz + cos
kx ± ky
2
)
σz
+ sin kzσx + sin
kx ± ky
2
σy ,
and
Gy(kx, ky, kz) =
(
0 e−ikz
1 0
)
τ
,
I(kx, ky, kz) = σz
(
1 0
0 e−ikz
)
τ
.
The C2 operation is
C2(kx, ky, kz) ≡ Gy(−kx,−ky,−kz)I(kx, ky, kz) = σzτx.
(C9)
Let us compute the indicator for −2 < m < 0. At the
high-symmetry points, the Hamiltonian and the symme-
try operators within the occupied states are given by the
following:
P H(P ) Gy |occ I|occ
Γ (m+ 2)σz τx σz
Y mσz τx σz
V (V ′) (m+ 1)σz ∓ σzτz σz
M (m− 2)σz −iτy σzτz
L(L′) (m− 1)σz ∓ σzτz σzτz
The irreps at m = −2.5 and m = −1.5 are summarized
as follows:
Γ Y V M L
H(m = −2.5) Γ+1 + Γ+2 Y +1 + Y +2 2V +1 M1 L+1 + L−1
H(m = −1.5) Γ−1 + Γ−2 Y +1 + Y +2 V +1 + V −1 M1 L+1 + L−1
It confirms that Cy/2 = 1 (mod 2) at m = −1.5 and
Cy/2 = 0 (mod 2) at m = −2.5, whereas ν is trivial on
both sides, in agreement with the expected results.
Appendix D: Table for the irreps of the SG 15
Here we summarize the irreps of the SG 15 used
throughout the present paper in Table IV.
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TABLE IV. Summary of irreducible representations, corre-
spondences to characters denoted in the main text and the
numbers of states in the irreps for 15 where a, b,m, x, y,
and z are integers. The number of The number of states
in this table represents the compatibility relations. The posi-
tions of the high-symmetry points and lines are Γ = (0, 0, 0),
Y = (0, 2pi, 0), V = (pi, pi, 0), A = (0, 0, pi), M = (0, 2pi, pi),
L = (pi, pi, pi), Λ = (0, v, 0), and B = (u, 0, w).
Seitz {1|t1, t2, t3} {2010|0, 0, 1/2} {1¯|0, 0, 0} {m010|0, 0, 1/2}
number
of
states
Matrix
presentation


1 0 0 t1
0 1 0 t2
0 0 1 t3




−1 0 0 0
0 1 0 0
0 0 −1 1/2




−1 0 0 0
0 −1 0 0
0 0 −1 0




1 0 0 0
0 −1 0 0
0 0 1 1/2


Γ+1 1 1 1 1 a
Γ−1 1 1 −1 −1 b+m
Γ+2 1 −1 1 −1 a−m
Γ−2 1 −1 −1 1 b
Y+1 e
i2pit2 1 1 1 a+ x
Y−1 e
i2pit2 1 −1 −1 b+m− x
Y+2 e
i2pit2 −1 1 −1 a−m+ x
Y−2 e
i2pit2 −1 −1 1 b− x
V+1 e
ipi(t1+t2) 1 a+ b+ y
V−1 e
ipi(t1+t2) −1 a+ b− y
A1 e
ipit3σ0 σx σz −iσy 2(a+ b)
M1 e
ipi(2t2+t3)σ0 σx σz −iσy 2(a+ b)
L+1 e
ipi(t1+t2+t3) 1 a+ b+ z
L−1 e
ipi(t1+t2+t3) −1 a+ b− z
Λ1 e
i2pit2v 1 a+ b+m
Λ1 e
i2pit2v −1 a+ b−m
B1 e
i2pi(t1u+t3w) eipiw a+ b
B2 e
i2pi(t1u+t3w) eipi(1+w) a+ b
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